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Let $T$ be abounded linear operator on acomplex Hilbert space $\mathcal{H}$ . $T$ is called
alaebraically paranormal if there exists anonconstant pdynomial $q(z)$ such that
$q(T)$ is paranormal, i.e., $||q(T)x||^{2}\leq||q(T)^{2}x||||x||$ for $x\in H$ . In this paper, we
prove that Weyl’s theorem holds for algebraically paranormal operators and spec-
tral mapping theorem holds for the Weyl spectrum of algebraically paranormal
operators.
1Introduction
$’\kappa$ $B(H)$ $T\in B(?t)$
algebraically paranormal $q(z)$ $q(T)$ paranormal
$||q(T)x||^{2}\leq||q(T)^{2}x||||x||$ , $x\in H$
$T$ $R(T)$ , null space $N(T)$ $T$ Fredholm
$R(T)$ closed $\dim N(T)<\infty,$ $\dim N(T^{*})=\dim R(T)^{[perp]}<\infty$
$\mathrm{i}\mathrm{n}\mathrm{d}T=\dim N(T)-\dim R(T)^{[perp]}$ $T$ index $\mathrm{i}\mathrm{n}\mathrm{d}T=0$
$T$ Weyl $T$ essential spectrum $\sigma_{e}(T)$ , Weyl spectrum $\sigma_{w}(T)$
$\sigma_{e}(T)=$ { $\lambda\in \mathbb{C}$ : $T-\lambda$ is not Fredholm },






H. Weyl [20] $\mathrm{s}\mathrm{e}1\mathrm{f}- \mathrm{a}\mathrm{d}\mathrm{j}\mathrm{o}\mathrm{i}_{\mathrm{I}1}\mathrm{t}$ operator compact $\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{b}\dot{\mathrm{a}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
self-adjoirit operator
Weyl
$\mathrm{L}.\mathrm{A}$ . Coburn [4] hyponormal operator, M. Cho, M. Ito, S. Oshiro
[2] phyponormal operator, M. Cho, K. Tanahashi [3] $\log$-hyponormal operator, A.
Uchiyama [19] paranormal operator, IH. Jeon, $\mathrm{B}.\mathrm{P}$ . Duggal [12] class $A$ operator,
$\mathrm{Y}.\mathrm{M}$ . Han, $\mathrm{J}.\mathrm{I}$ . Lee, D. Wang [10] t $w$-hyponormal operator, $\mathrm{Y}.\mathrm{M}$ . Han, $\mathrm{W}.\mathrm{Y}$ . Lee [9] t
algebraicaly hyponormal operator
Weyl algebraically paranormal operator
2[ ]
Key Lemma
[ 1] $T\in B(H)$ paranormal $\lambda\in\sigma(T)$
$T=(\begin{array}{ll}\lambda A0 B\end{array})$ , $7\{=N(T-\lambda)\oplus R(T-\lambda)^{*}$




[ ] $T\in B(H)$ finite ascent $N$ ($r\text{ }=N(T^{m+1})$ $m$
finite descent $R(T^{m})=R(T^{m+1})$ $m$
[ 2] $T\in B(H)$ paranormal $\lambda\in \mathbb{C}$
$N(T-\lambda)=N((T-\lambda)^{2})$







$N((T-\lambda)^{2})=\{0\}$ $\lambda$ $T$ $(\begin{array}{l}uv\end{array})\in N((T-\lambda)^{2})$
1
$T=(\begin{array}{ll}\lambda A0 B\end{array})$ , $N(T-\lambda)\oplus\overline{R(T-\lambda)^{*}}$
$(T-\lambda)^{2}(\begin{array}{l}uv\end{array})=(\begin{array}{ll}0 A0 B-\lambda\end{array})(\begin{array}{ll}0 A0 B-\lambda\end{array})(\begin{array}{l}uv\end{array})$
$=(\begin{array}{ll}0 AB-\lambda A0 (B-\lambda)^{2}\end{array})(\begin{array}{l}uv\end{array})=(\begin{array}{l}0(B-\lambda)^{2}v\end{array})=(\begin{array}{l}00\end{array})$
$(B-\lambda)^{2}v=0$ $N(B-\lambda)=\{0\}$ $(B$ -\lambda $)$ v=0 $v=0$
$(T-\lambda)(\begin{array}{l}uv\end{array})=(\begin{array}{ll}0 A0 B-\lambda\end{array})(\begin{array}{l}u0\end{array})=(\begin{array}{l}00\end{array})$
[ 3] $T\in B(H)$ algebraically paranorrnal $T-\lambda(\lambda\in \mathbb{C})$ [ finite ascent
[ ] $q(T)$ paranormal non-constant polynomial $q(z)$ \leq











[ 4] $T\in B(H)$ algebraically paranormal $\sigma(T)=\{\lambda\}$ $T-\lambda$
nilpotent
[ ] $q(T)$ paranormal non-constant polynomial $q(z)$






[ 5] Weyl mlgebraically paranormal operator
[ ] $T\in B(H)$ algebraically paranormal $\lambda\in\sigma(T)\backslash \sigma_{w}(T)$
$T-\lambda$ Weyl not invertible
$\lambda$ $\sigma(T)$ $\lambda\in G\subset\sigma(T)\backslash \sigma_{w}(T)$ open set $G$
$\dim N(T-\mu)>0,$ $\forall\mu\in G$ [7, Theorem 9] $T$ single valued extension
property [13] $T$ finite ascent single valued extensinon
property $\lambda$ $\sigma(T)$
[5, Theorem $\mathrm{X}\mathrm{I}6.8$] $\lambda$ $\sigma(T)$ $\lambda\in\pi_{00}(T)$




$q(T)$ paranormal nonconstant polynomial $q(z)$
$q(T)=q(T)|E_{\lambda}H\oplus q(T)|(I-E_{\lambda})Tl$
$q(T)|E_{\lambda}\mathcal{H}=q(T|E_{\lambda}H)$ paranormal $T|E_{\lambda}H$ algebraically




$E_{\lambda}$ finite rank [5, Proposition XI 6.9] $\lambda\in\sigma(T)\backslash \sigma_{w}(T)$
[ 6] $T\in B(\mathcal{H})$ algebraically paranormal $f(z)$ $\sigma(T)$
analytic $\sigma_{w}(f(T))=f(\sigma_{w}(T))$
[ ] [8, Theorem $2(\mathrm{b})$ ] $\sigma_{w}(f(T))\subset f(\sigma_{w}(T))$ $\mathrm{V}^{\mathrm{a}}$
)
$\text{ }$
$f$ nonconstant 1‘ $\lambda\not\in\sigma_{w}(f(T))$
$f(z)-\lambda=g(z)\Pi_{j=1}^{n}(z-\lambda_{j})$
$\lambda_{j}\in G,$ $g(_{\sim}^{\gamma})\neq 0,\forall z\in G$
$f(T)-\lambda=g(T)\Pi_{j=1}^{n}(T-\lambda_{j})$
$\lambda\not\in\sigma_{w}(f(T)),$ $\sigma_{e}(f(T))\subset\sigma_{w}(f(T))$ $\lambda\not\in\sigma_{e}(f(T))=f(\sigma_{e}(T))$
$T-\lambda_{j}$ Fredholm $(j=1, \cdots, n)$
$0= \mathrm{i}\mathrm{n}\mathrm{d}(f(T)-\lambda)=\mathrm{i}\mathrm{n}\mathrm{d}(g(T))+\sum_{j=1}^{n}\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda j)$
$= \sum_{j=1}^{n}\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda_{j})$
$\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda_{j})\leq 0$ $T-\lambda$ finite desoent [17, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$
$\mathrm{V}6.2]$ $\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda_{j})=0$ $T-\lambda_{j}$ finite descent
$n\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda_{j})=\dim N(T-\lambda_{j})^{n}-\dim R((T-\lambda_{j})^{n})^{[perp]}arrow-\infty$
$\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda_{j})<0$
$\mathrm{i}\mathrm{n}\mathrm{d}(T-\lambda_{j})=0,$ $(j=1, \cdots, n)$ $T-\lambda_{j}$ Weyl $\lambda_{j}\not\in\sigma_{w}(T)$
$\lambda\not\in f(\sigma_{w}(T))$
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[ 7] Algebraically paranormal operatror isoloid $\sigma(T)$




$T|E_{\lambda}H$ algebraicaly paranormal $(T|E_{\lambda}\mathcal{H}-\lambda)^{m}=0$
$m$
$E_{\lambda}H\subset N((T|E_{\lambda}\mathcal{H}-\lambda)^{m}.)\subset N((T-\lambda)^{m})$
$N((T-\lambda)^{m})\neq\{0\}$ $N(T-\lambda)\neq\{0\}$ $\lambda$ $T$
[ 8] $T\in B(7-\ell)$ algebraically paranormal $f(_{\sim}^{\sim}.)$ $\sigma(T)$
analytic Weyl $f(T)$
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